Abstract. In this paper, we investigate finitely generated groups of isometries of CAT(0) spaces containing some central hyperbolic isometry, and we provide some remarks on structure of CAT (0) groups.
Introduction and preliminaries
The purpose of this paper is to investigate finitely generated groups of isometries of CAT(0) spaces and CAT(0) groups. Definition and detail of CAT(0) spaces are found in [3] and [9] .
Let X be a metric space and let γ be an isometry of X. Then the translation length of γ is defined as |γ| = inf{d(x, γx) | x ∈ X}, and the minimal set of γ is defined as Min(γ) = {x ∈ X | d(x, γx) = |γ|}. An isometry γ is said to be semi-simple if Min(γ) is non-empty. Also an isometry γ is called (1) elliptic if γ has a fixed point, (2) hyperbolic if γ is semi-simple and not elliptic, and (3) parabolic if γ is not semi-simple. (cf. [3, Chapter II.6 
]).
We first show the following theorem by observing the proof of [3, Theorem II.6.12] in Section 2. Theorem 1.1. Let X be a CAT(0) space and let Γ be a finitely generated group acting by isometries on X. If the center of Γ contains a hyperbolic isometry γ 0 of X, then there exist a normal subgroup Γ ′ ⊂ Γ, an element δ 0 ∈ Γ and a number k 0 ∈ N such that
= Γ ′ × γ 0 is a finite-index subgroup of Γ and (iii) Γ/Γ ′ is isomorphic to Z.
A geometric action on a CAT(0) space is an action by isometries which is proper ([3, p.131]) and cocompact. A group Γ is called a CAT(0) group, if Γ acts geometrically on some CAT(0) space. We note that every CAT(0) space on which some group acts geometrically is a proper space ( [3, p.132] [7] , [18] ) and fundamental groups of compact geodesic spaces of non-positive curvature ([3, p.159, p.237]) are CAT(0) groups. In particular, fundamental groups of Riemaniann manifolds of non-positive sectional curvature are CAT(0) groups. Moreover, M. W. Davis [6] has constructed a closed aspherical manifold of dimension n ≥ 5 whose universal covering is not homeomorphic to R n ( [6] , [8] ). The fundamental groups of these exotic manifolds are also CAT(0) groups.
On structure of CAT(0) groups, we obtain the following theorem from Theorem 1.1 in Section 2.
Γ n has finite center, and (7) Γ n ×A is a finite-index subgroup of Γ where A = γ 1 ×· · ·× γ n which is isomorphic to Z n .
In Section 3, we provide some examples and remarks on CAT(0) groups.
2.
On finitely generated groups of isometries of CAT (0) spaces and structure of CAT(0) groups
We first note that we obtain the following lemma from the proof of [3, Theorem II.6.12].
Lemma 2.1 (cf. [3, Theorem II.6.12] ). Let X be a CAT(0) space and let Γ be a finitely generated group acting by isometries on X. If the center of Γ contains a hyperbolic isometry γ 0 of X, then there exists a homomorphism φ : Γ → Z such that φ(A) is non-trivial, where A = γ 0 ∼ = Z.
Here we show Theorem 1.1 from Lemma 2.1 by observing the proof of [3, Theorem II.6.12].
Proof of Theorem 1.1. Let X be a CAT(0) space and let Γ be a finitely generated group acting by isometries on X. Suppose that the center of Γ contains a hyperbolic isometry γ 0 of X. Then A = γ 0 ∼ = Z is a central subgroup of Γ.
By Lemma 2.1, we obtain a homomorphism φ : Γ → Z such that φ(A) is non-trivial.
Here γ 0 generates A and φ(γ 0 ) generates φ(A). Let H 0 = φ −1 (φ(A)) which is a finite-index subgroup of Γ. Then as the proof of [3, Theorem II.6.12], the map φ(γ 0 ) → γ 0 splits φ| H 0 , hence we obtain that
Here also we note that φ(Γ) is a non-trivial subgroup of Z. Let δ 0 ∈ Γ such that φ(δ 0 ) generates φ(Γ). Then the map φ(δ 0 ) → δ 0 splits φ, hence we obtain that
since ker φ is a normal subgroup of Γ. Now φ(A) is a subgroup of φ(Γ) which is isomorphic to Z and φ(δ 0 ) generates φ(Γ). Hence there exists a number k 0 ∈ N such that φ(δ
is a finite-index subgroup of Γ by (1) and (3). Also Γ/Γ ′ = Γ ′ δ 0 is isomorphic to Z by the construction.
The following results are known and we use these in proof of Theorem 1.2. Here a subset X ′ of a metric space X is said to be quasi-dense if there exists a number N > 0 such that each point of X is N-close to some point of X ′ , i.e., B(X ′ , N) = X. Using Theorem 1.1 and results above, we prove Theorem 1.2 on structure of CAT(0) groups.
Proof of Theorem 1.2. Let Γ be a CAT(0) group which acts geometrically on a proper CAT(0) space X.
Set Γ 0 = Γ. Suppose that Γ 0 has infinite center. Then the center of Γ 0 is an abelian subgroup of the CAT(0) group Γ 0 and finitely generated by Lemma 2.5. Hence there exists a central element γ 1 ∈ Γ 0 with the order o(γ 1 ) = ∞. Then the isometry γ 1 of X is semi-simple, since every element of the CAT(0) group Γ 0 is a semi-simple isometry of X by Lemma 2.4. Also γ 1 is a hyperbolic isometry, because if γ 1 is an elliptic isometry then γ has a bounded orbit by Lemma 2.3, which contradicts that the action of Γ 0 on X is proper, since o(γ 1 ) = ∞. Now Γ 0 is finitely generated by Lemma 2.2 and γ 1 is a central element of Γ 0 and a hyperbolic isometry of X. Hence by Theorem 1.1, there exist a normal subgroup Γ 1 ⊂ Γ 0 , an element δ 1 ∈ Γ 0 and a number
Here Γ 1 × γ 1 acts geometrically on the CAT(0) space X, since Γ 1 × γ 1 is a finite-index subgroup of Γ 0 by (ii 1 ). Hence by Theorem 2.6, Min(γ 1 ) is a closed convex Γ-invariant quasi-dense subspace of X that splits as a product X 1 × Z 1 , where Z 1 is isometric to R, and Γ 1 acts geometrically on X 1 by projection of the action of Γ 0 on X 1 × Z 1 . Here we note that X 1 is a CAT(0) space, because X 1 is a convex subspace of the CAT(0) space X (cf. [2] and [3] ). Hence Γ 1 acts geometrically on the CAT(0) space X 1 and Γ 1 is a CAT(0) group.
Suppose that Γ 1 has infinite center. Then by the same argument as above, there exists a central element γ 2 ∈ Γ 1 with o(γ 2 ) = ∞, which is a hyperbolic isometry of X 1 . Here the CAT(0) group Γ 1 is finitely generated. Hence by Theorem 1.1, there exist a normal subgroup Γ 2 ⊂ Γ 1 , an element δ 2 ∈ Γ 1 and a number k 2 ∈ N such that
Thus Γ 2 × A 2 is a finite-index subgroup of Γ, where A 2 = γ 1 × γ 2 which is isomorphic to Z 2 . Also Γ 2 is a CAT(0) group which acts geometrically on some CAT(0) space X 2 by Theorem 2.6.
By iterating this argument, we obtain subgroups Γ = Γ 0 ⊃ Γ 1 ⊃ · · · ⊃ Γ n , elements δ i+1 , γ i+1 ∈ Γ i and k i+1 ∈ N for i = 0, . . . , n − 1 such that (1) γ i+1 is an element of the center of Γ i with o(γ i+1 ) = ∞ for i = 0, . . . , n − 1,
γ n which is isomorphic to Z n . Here this process must terminate, i.e., Γ n has finite center for some number n, because A n ∼ = Z n is an abelian subgroup of the CAT(0) group Γ and every abelian subgroup of a CAT(0) group is finitely generated by Lemma 2.5.
Example
We introduce an easy example of a CAT(0) group.
Example. Let Γ = a, b | ab 2 = b 2 a and let X = R 2 the euclidean plane. We consider the action of the group Γ on X defined by
] ⊂ R 2 is a fundamental domain, ΓD = X and Γ acts geometrically on X. Here we note that X/Γ is a Klein bottle and the group Γ is a CAT(0) group which is the fundamental group of the Klein bottle.
Then γ 0 := b 2 is a center of the CAT(0) group Γ and a hyperbolic isometry of X. Here we obtain that
2 is a finite-index subgroup of Γ which is isomorphic to Z 2 and (iii) Γ/ a is isomorphic to Z.
Remarks on CAT(0) groups
We introduce some remarks on CAT(0) groups. Let Γ be a CAT(0) group. By Theorem 1.2, Γ has a structure as
where Γ n is a CAT(0) group with finite-center, and Γ contains a finiteindex subgroup Γ n × A where A is isomorphic to Z n . Here we first note that the CAT(0) group Γ n may contain a finiteindex CAT(0) subgroup with infinite-center in general. For example, all Coxeter groups are CAT(0) groups with finite-center and affine Coxeter groups contain a finite-index CAT(0) subgroup with infinite-center which is isomorphic to Z n for some n. Also in general, the CAT(0) group Γ may contain a finite-index subgroup Γ ′ × A ′ where A ′ is isomorphic to Z n ′ and n ′ ≥ n.
If the CAT(0) group Γ splits as Γ = Γ 1 × · · · × Γ m , then each factor Γ i is also a CAT(0) group (cf. [14, Theorem 6] ) and each factor Γ i has a structure as
where Γ i,n i is a CAT(0) group with finite-center, and Γ i contains a finite-index subgroup Γ i,n i × A i where A i is isomorphic to Z n i for each i = 1, . . . , m. Here Γ = Γ 1 × · · · × Γ m contain a finite-index subgroup
We note that Γ 1,n 1 × · · · × Γ m,nm has finite center and A 1 × · · · × A m is isomorphic to Z n 1 +···+nm . Also as the argument in [13, p.909] , there exists a finite-index subgroup G 1 × · · · × G l of the CAT(0) group Γ such that each factor G j is infinite and each factor G j does not contain a finite-index subgroup G j1 × G j2 where G j1 and G j2 are infinite. Here the decomposition process terminates and l is finite (cf. [13, p.909] ). Then we note that each factor G j is isomorphic to Z or has finite center. Let t be the number as G j has finite center for 1 ≤ j ≤ t and G j is isomorphic to Z for t + 1 ≤ j ≤ l, and let n ′′ = l − t. Then G 1 × · · · × G t has finite center,
Here we can use the Flat Torus Theorem and splitting theorems (cf. [3] , [14] and [16] ) in each case above.
For example, if the CAT(0) group Γ acts geometrically on a CAT(0) space X, then the finite-index subgroup (G 1 × · · · × G t ) × A ′′ also acts geometrically on X and the Flat Torus Theorem and splitting theorems implies that X contains a quasi-dense subspace X ′ which splits as a product (X 1 × · · · × X t ) × Z such that there exists a geometric action of G j on X j for each j = 1, . . . , t and Z is isometric to R n ′′ (cf. [14] ). Then the boundary ∂X of the CAT(0) space X (cf. [3] , [5] , [17] and [19] ) is homeomorphic to the spherical join (∂X 1 * · · · * ∂X t ) * ∂Z, where ∂Z is homeomorphic to an (n ′′ − 1)-dimensional sphere. By these arguments, CAT(0) groups with finite-center that does not contain a finite-index subgroup which splits as a product of infinite groups are essential and important for research on CAT(0) spaces on which a CAT(0) group acts geometrically and their boundaries.
Also, Theorem 1.2 (5) on structure of CAT(0) groups implies that CAT(0) groups with finite-center are essential and important for research on CAT(0) groups.
